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Ax=Db Xo=1.0;b=A Xg |X- Xo|
1 GSS UMFPACK
GSS UMFPACK UMFPACK
EX40
TWOTONE RIM UMFPACK 30%
GSS UMFPACK UMFPACK
GSS GARON2 RMAI10 UMFPACK
2 GSS PARDISO
GSS PARDISO PARDISO  20% PARDISO
PARDISO 70% PARDISO 2-by-2 set
2-by-2 set PARDISO GOODWIN RIM GSS PSMIGR_1
PARDISO unsymmetric set 13 3
PARDISO
1 symmetric set of UMFPACK
Group Name n Nonzeros(i | Sym. description
n 1000’s)
NORRIS TORSO2 115967 1033.5 0.992 | 2D human torso, electro-phys finite-diff
SIMON OLAFU 16146 1015.2 1.000 Structure problem
SIMON VENKATO1 | 62424 1717.8 | 1.000 Unstructured 2D Euler problem
BAI AF23560 23560 460.6 0.944 airfoil
SIMON RAEFSKY3 | 21200 1488.8 1.000 Fluid-structure, turbulence
ZHAO ZHAO1 33861 166.5 0.922 electromagnetics
ZHAO ZHAO2 33861 166.5 0.922 electromagnetics
FIDAP EX11 16614 1096.9 1.000 3D fluid flow, cylinder and plate
SIMON RAEFSKY4 | 19779 1316.8 1.000 Container buckling problem
WANG WANG4 26086 177.2 1.000 3D MOSFET semiconductor
RONIS XENON1 48600 1181.1 1.000 Zeolite, sodalite crystals
VANHEUKELUM | CAGE10 11397 150.6 1.000 DNA electrophoresis
NORRIS STOMACH | 213360 3021.6 0.848 3D electro-physical, human duodenum




2 2-by-2 set of UMFPACK

Group Name n Nonzeros(in | Sym. description
1000’s)
GOODWIN | GOODWIN 7320 324.8 0.635 Fluid mechanics, finite-element
AVEROUS EPB2 25228 175.0 0.670 Plate-fin heat exchanger
GARON GARON2 13535 373.2 0.999 2D finite-element, Navier-Stokes
GOODWIN RIM 22560 1015.0 0.639 Fluid mechanics, finite-element
NORRIS HEART?2 2339 680.3 1.000 Quasi-static FEM, human heart
AVEROUS EPB3 84617 463.6 0.667 Plate-fin heat exchanger
BOVA RMA10 46835 2329.1 1.000 3D model of Charleston Harbor
NORRIS HEART1 3557 1385.3 1.000 Quasi-static FEM, human heart
HB PSMIGR_1 | 3140 543.2 0.479 Population migration

3 unsymmetric set of UMFPACK

Group Name n Nonzeros(in | Sym. description
1000’s)

AT&T ONETONE?2 36057 222.6 0.116 Harmonic balance method
GRAHAM GRAHAM1 9035 335.5 0.718 | Navier-Stokes, finite-element
MALLYA LHR34C 35152 764.0 0.002 | Light hydrocarbon recovery

SHEN E40R0100 17281 553.6 0.308
MALLYA LHR71C 70304 1528.1 0.002 | Light hydrocarbon recovery

FIDAP EX40 7740 456.2 1.000 Navier-Stokes, FEM (3D)

AT&T ONETONE1 36057 335.6 0.076 Harmonic balance method
VAVASIS AV41092 41092 1683.9 0.001 | Unstructured finite-element

AT&T TWOTONE 120750 1206.3 0.246 Harmonic balance method

HB PSMIGR_2 3140 540.0 0.479 Population migration

SIMON BBMAT 38744 1771.7 0.529 2D airfoil, turbulence

HOLLINGER G7JAC200SC 59310 717.6 0.025 Economic modeling
HOLLINGER | MARK3JAC140SC | 64089 376.4 0.061 Economic modeling
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SET Matrix GSS GSS
UMFPACK | PARDISO | GSS UMFPACK | PARDISO
TORSO2 2.766 1.109 1.063 0.38 0.96
OLAFU 1.609 0.704 0.594 0.37 0.84
VENKATO01 2 0.781 0.922 0.46 1.18
AF23560 1.625 1.297 1.188 0.73 0.92
RAEFSKY3 1.781 0.984 0.937 0.53 0.95
f;’ ZHAO1 1.906 0.656 0.578 0.3 0.88
£ ZHAO2 2.172 0.656 0.579 0.27 0.88
% EX11 2.765 1.39 1.328 0.48 0.96
RAEFSKY4 4.656 1.781 1.657 0.36 0.93
WANG4 3.453 1.437 0.953 0.28 0.66
XENON1 8.156 4.172 3.984 0.49 0.95
CAGE10 8.547 2.875 1.719 0.2 0.6
STOMACH 31.75 18.75 13.36 0.42 0.71
GOODWIN 0.328 0.063 0.297 0.91 4.71
EPB2 0.484 0.281 0.234 0.48 0.83
GARON2 0.5 0.157 0.172 0.34 11
~ RIM 1.438 0.203 1.687 1.17 8.31
_é‘ HEART?2 0.344 0.234 0.219 0.64 0.94
o EPB3 1.031 0.297 0.422 0.41 1.42
RMA10 2.031 0.75 0.875 0.43 1.17
HEART1 0.985 0.719 0.719 0.73 1
PSMIGR_1 4.188 9.781 2.953 0.71 0.3
ONETONE?2 0.344 0.859 0.328 0.95 0.38
GRAHAM1 1.015 0.109 0.5 0.49 4.59
LHR34C 0.625 227.016 0.547 0.88 0
E40R0100 0.672 0.437 0.282 0.42 0.65
o LHR71C 1.25 0.437 1.078 0.86 247
= EX40 0.484 0.282 0.656 1.36 2.33
g ONETONE1 1.187 5.672 0.625 0.53 0.11
? AV41092 20.36 5.672 1.485 0.07 0.26
B TWOTONE 3.032 18.5 3.907 1.29 0.21
PSMIGR_2 4.25 9.797 3.11 0.73 0.32
BBMAT 14.219 13.094 7.266 0.51 0.55
G7JAC200SC 18.094 24812 | 12.938 0.72 0.52
MARK3JAC140SC 16.531 3.625 3.062 0.19 0.84
sum 166.578 359.389 | 72.224 0.43 0.2
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SET Matrix GSS GSS
UMFPACK | PARDISO GSS UMFPACK | PARDISO
TORSO2 4.115E-14 | 3.588E-14 | 7.627E-14 1.854 2.1259
OLAFU 9.438E-09 | 4.831E-09 | 8.94E-09 0.947 1.8508
VENKATO01 1.314E-13 | 1.16E-13 | 1.639E-13 1.248 1.4126
AF23560 3.783E-13 | 2.946E-13 | 9.434E-13 2.494 3.202
RAEFSKY3 2.434E-12 | 3.07E-12 | 5.891E-12 2.42 1.9193
§ ZHAO1 8.485E-14 | 7.227E-14 | 2.194E-13 2.586 3.0362
£ ZHAO2 3.786E-12 | 4.469E-12 | 3.84E-12 1.014 0.8593
% EX11 1.663E-05 | 1.823E-05 | 1.802E-05 1.084 0.9882
RAEFSKY4 0.0004368 | 0.0001855 | 0.0001994 0.456 1.0748
WANG4 2.887E-11 | 2.065E-12 | 2.693E-11 0.933 13.039
XENON1 2.134E-11 | 1.48E-11 | 2.008E-11 0.941 1.3568
CAGE10 2.894E-14 | 1.592E-14 | 4.247E-14 1.468 2.6679
STOMACH 1.122E-13 | 3.741E-14 | 2.044E-13 1.821 5.4636
GOODWIN 4.767E-10 | 2.325E-09 | 1.007E-07 211.2 43.298
EPB2 4.87E-13 | 3.119E-13 | 2.457E-13 0.504 0.7877
GARON2 1.249E-11 | 1.145E-11 | 6.117E-05 SE+06 SE+06
~ RIM 1296060 | 957416 70194.5 0.054 0.0733
_é‘ HEART2 1.103E-12 | 0.0246186 | 1.156E-12 1.048 5E-11
~ EPB3 8.149E-12 | 9.754E-12 | 9.019E-12 1.107 0.9247
RMA10 1.645E-11 | 1.337E-11 | 0.0004178 3E+07 3E+07
HEART1 2.551E-11 | 0.0265926 | 2.02E-11 0.792 8E-10
PSMIGR_1 3.069E-11 | 0.0339591 | 9.908E-11 3.229 3E-09
ONETONE2 1.108E-10 1.371E-10 1.237
GRAHAM1 6.808E-09 | 0.0004706 | 3.164E-08 4.647 7E-05
LHR34C 0.364407 0.217368 0.596
E40R0100 4.611E-10 4.21E-10 0.913
o LHR71C 0.152529 0.0768207 0.504
= EX40 2.517E-12 | 2.978E-12 | 2.45E-12 0.973 0.8226
E ONETONE1 1.933E-10 2.553E-10 1.321
? AV41092 3.104E-12 6.315E-10 203.4
- TWOTONE 1.174E-10 3.644E-09 31.03
PSMIGR_2 1.134E-11 4.919E-12 0.434
BBMAT 1.237E-08 | 1.339E-08 | 1.509E-08 1.22 1.1266
G7JAC200SC 5.892E-07 5.357E-07 0.909
MARK3JAC140SC 3.4E-07 3.185E-07 0.937
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< > < >< >

< >
GSS_init
GSS_symbol
GSS_numeric
GSS_solve
GSS_clear
< >
i 32 CPU
m 32 CPU CPU, Hyper-Threading
I 64 CPU
X 64 CPU CPU, Hyper-Threading
< >
C FORTRAN
S float REAL
d double DOUBLE PRECISION
c * COMPLEX
z * DOUBLE COMPLEX
* c
GSS compressed column storage

http://www.netlib.org/linalg/html_templates/node92.html

6.2 C

5
int nRow, nCol

13




int *ptr, int *ind, double *val
(ptr, ind, val)

N nnz
ind, val nnz
ptr N+1 ptr[i] i
ptr[i+1]-ptrli]

ptr[N]=nnz

3
1.0 0.0 5.0
0.0 3.0 6.0
20 40 70
ptr[4]={0,2,4,7};
ind[7]={0,2,1,2,0,1,2};
val[7]={1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0};

FLOATING GSS float, double
GRUS OK 0

int GSS _init_?
(int nRow, int nCol, int* ptr, int* ind, FLOATING *val, int type, double *setting );

type
0 0
11 (ptr, ind, val) ( )
12 (ptr, ind, val) ( )

setting[32]

GRUS_ OK,

void* GSS_symbol_?(int nRow, int nCol, int* ptr, int* ind, FLOATING *val );

0x0

int GSS_numeric_? (int nRow, int nCol, int* ptr, int* ind, FLOATING *val, void *hSolver );

14



hSolver

GRUS_ OK,

int GSS_solve ?

('void *hSolver, int nRow, int nCol, int *ptr, int *ind, FLOATING *val, FLOATING *rhs );

hSolver
rhs

GRUS_ OK,

int GSS_clear_? ( void* hSolver);

hSolver

GRUS_ OK,

6.3 FORTRAN

FORTRAN
GSS_6_INTERFACE

5
int nRow, nCol

int *ptr, int *ind, double *val
(ptr, ind, val)

N nnz
nRow=N, nCol=N
ind, val nnz
ptr N+1 ptr[i]
ptr[N 1]=nnz+1 i
3
1.0 0.0 5.0
0.0 3.0 6.0
2.0 4.0 7.0

ptr[4]={1,3,5,8}

rhs

gss_6_demo.for use

ptri+1]-ptr[i]

15



ind[7]1={1,3,2,3,1,2,3}
val[7]={1.0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0}

FLOATING GSS float, double
GRUS OK 0

function GSS_init_? ( nRow, nCol, ptr, ind, val, m_type, setting)
integer GSS_init_?
integer nRow,nCol,ptr(*),ind(*),m_type
FLOATING val(*),
double precision setting(32)

m_type
0 0
11 (ptr, ind, val)
12 (ptr, ind, val)

control  [32]

GRUS_ OK,

function GSS_symbol_?( nRow, nCol, ptr, ind, val )
integer GSS_symbol_?
integer nRow,nCol,ptr(*),ind(*)
FLOATING val(*)

, 0x0
function GSS_numeric_? ( nRow, nCol, ptr, ind, val, hGSS)
integer hGSS, GSS_numeric_?

integer nCol, ptr(*), ind(*)
FLOATING val(*)

hGSS

16



GRUS_ OK,
function GSS_solve_?(hGSS,nRow,nCol,ptr,ind,val,rhs )

integer hGSS, GSS_solve_?, nRow, nCol, ptr(*), ind(*)
FLOATING val(*), rhs(*)

hGSS
rhs rhs

GRUS_ OK,

function GSS_clear_? (hGSS)
integer hGSS, GSS_clear_?

hGSS

GRUS_ OK,

87
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4. /

5. iter-refine
GSS1.2 11/25/2005
6. CPU
7. INTEL Hyper-Threading
8.
9. static pivoting
10. iterative refine
GSsSs1.1 9/12/2005
11. QUOTIENT GRAPH
12.
13.
14.
15. INTEL PARDISO
GSS1.0 7/20/2005

[1] 1.S.Duff, A.M.Erisman, and J.K.Reid. Direct Methods for Sparse Matrices.
London:Oxford Univ. Press,1986.

[2] J.W.H.Liu. The Role of Elimination Trees in Sparse Factorization. SIAM J.Matrix
Anal.Applic.,11(1):134-172,1990.

[3] J.W.H.Liu. The Multifrontal Method for Sparse Matrix Solution: Theory and Practice.
SIAM Rev., 34 (1992), pp. 82--109.

[4] T.A.Davis. A column pre-ordering strategy for the unsymmetric-pattern multifrontal
method, ACM Trans. Math. Software, vol 30, no. 2, pp. 165-195, 2004.

[5] T.A.Davis. UMFPACK Version 4.4 User Guide. 2005

[6] DEMMEL, J. W., EISENSTAT, S. C., GILBERT, J. R., LI, X. S., AND LIU, J. W. H. A
supernodal approach to sparse partial pivoting. SIAM J. Matrix Anal. Applic. 20, 3,
720-755. 1999.

[7] GUPTA, A. Improved symbolic and numerical factorization algorithms for unsymmetric

sparse matrices. SIAM J. Matrix Anal. Applic. 24, 529-552. 2002.

[8] AMESTOY, P. R. AND PUGLISI, C. An unsymmetrized multifrontal LU factorization.
SIAM J.Matrix Anal. Applic. 24, 553-569. 2002.

[9] Intel Math Kernel Library Reference Manual

[10] N.J.Higham. Accuracy and Stability of Numerical Algorithms. SIAM,2002

[11] J.J.Dongarra,l.S.Duff, D.C.Sorensen, H.A.van der Vorst. Numerical Linear Algebra for

18



High-Performance Computers.

[12] Elimination structures for unsymmetric sparse LU factors. Gilbert, John R.; Liu,
Joseph WH SIAM J. Matrix Anal. Appl. 14, no. 2, 334--352, 1993.

[13] Yannokakis M. Computing the minimum fill-in in NP-Complete. SIAM J.Algebraic
Discrete Methods, 1981, 2:77~79

[14] L.V.Foster. The growth factor and efficiency of Gaussian elimination with rook pivoting.

[15] G..H.Golob, C.F.Van loan. Matrix Computations. The Johns Hopkins University Press.
1996

[16] DUFF, I. S. AND KOSTER, J. On algorithms for permuting large entries to the diagonal
of a sparse matrix. SIAM J. Matrix Anal. Applic. 22, 4, 973-996. 2001.

[17] T. A. Davis and I. S. Duff, An unsymmetric-pattern multifrontal method for sparse LU
factorization", SIAM J. Matrix Analysis and Applications, vol. 19, no. 1, pp. 140-158,
1997

[18] AMESTOQY, P. R., DAVIS, T. A., AND DUFF, I. S. 1996a. An approximate minimum
degree ordering algorithm. SIAM J. Matrix Anal. Applic. 17, 4, 886-905.

[19] G.Karypis, V.Kumar. METIS user’s guide, version 4.0. 1998

[20] Timothy A. Davis, John R. Gilbert, Stefan I. Larimore, and Esmond G. Ng. A column
approximate minimum degree ordering algorithm. TR-00-005

[21] I. S. Duff and S. Pralet, Towards a stable static pivoting strategy for the sequential and
parallel solution of sparse symmetric indefinite systems.

[22] D.Dodson and J.Lewis Issues relating to extension of the Basic Linear Algebra
Subprograms[J] ACM SIGNUM Newsletter 20(1):2-18 1985

[23] T.A.Davis and I. S. Duff. A combined unifrontal/multifrontal method for unsymmetric
sparse matrices, ACM Transactions on Mathematical Software (TOMS), v.25 n.1, p.1-20,
March 1999

[24] Miroslav Tuma. A note on the LDL. T. decomposition of matrices from saddle-point
problems. SIAM J. Matrix Anal. Appl., 23(4):903-915, 2002

[25] I. S. Duff and S. Pralet. Strategies for scaling and pivoting for sparse symmetric
indefinite problems.RAL-TR-2004-020

[26] ; : : (9) 138-140.2007.

19



